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Do you remember ... isogeny graphs?




Do you remember ... isogeny graphs?

Oy(X,Y) = X3 +V3 - X2Y? + 1488XY (X +Y) — 162000( X2 +Y?)
+40773375XY + 8748000000(X + Y') — 157464000000000



Some alternatives

Requirements:

e algebraic: finite fields
e jterafive: ®(X;, X;11) = 0 describes a walk

® [non-backiracking]: cyclic isogenies



X,Y)=V" 22X 11
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(zi = )(y; —1) =1
(yi — (i1 —1) =4

Noam D. Elkies. Explicit modular towers (2001)


http://arxiv.org/abs/math/0103107v1
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(yi — D(wis1 —1) =4 (yi = D(xig1—1) =3

Noam D. Elkies. Explicit modular towers (2001)


http://arxiv.org/abs/math/0103107v1
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Noam D. Elkies. Explicit modular towers (2001)


http://arxiv.org/abs/math/0103107v1
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(yi — D(wis1 —1) =4 (yi = D(xig1—1) =3
t=4 (=2
(z; —D)(y; —1) =1 (7 —1)(yi — 1) = -8
(yi — (i1 —1)=2 (i — (i1 —1) =4

Noam D. Elkies. Explicit modular towers (2001)


http://arxiv.org/abs/math/0103107v1

0 1 Parametrizing
iIsogenies



Modular curves

® Y, (V) is an abstract algebraic curve parametrizing cyclic
N-isogenies (p { N), up to pre-/post-isomorphisms:

Vo(N) = {(B,C) | € CE[N]oydlie,|C| = N}/ =

8/19



Modular curves

® Y, (V) is an abstract algebraic curve parametrizing cyclic
N-isogenies (p { N), up to pre-/post-isomorphisms:
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Modular curves

Y5 (V) is an abstract algebraic curve parametrizing cyclic
N-isogenies (p { N), up to pre-/post-isomorphisms:

Yo(N) = {(E,C) | CC E[N]cydlic, | = N}/ =

e X,(N)=Yy(N)UC is a compactification of Y,(/V)

C is afinite set of cusps (roughly: cusp = “isogeny” at j = o0)

o N (X,Y) =0is asingular model of X (V)
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Parametrizing isogenies

dy=0
Jo J1
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Parametrizing isogenies

® O,(X,Y): genus-zero
= Xp(2) ~ ]Pl

dy=0
Jo J1
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Parametrizing isogenies
® d,y(X,Y): genus-zero

to

g = /Y(J(2> ~ ]P)l
/ R o L(t) = “*ffi

) ° R(t) _ (t+:6)

Jo J1

den Hollander, T., Kleine, S., Mula, M., Slamanig, D., Spindler, S.A. More Efficient
Isogeny Proofs of Knowledge via Canonical Modular Polynomials (CRYPTO 2025) g/ 19


https://link.springer.com/chapter/10.1007/978-3-032-01855-7_5
https://link.springer.com/chapter/10.1007/978-3-032-01855-7_5

Parametrizing isogenies

lo
®,(X,Y): genus-zero
L R = Xy(2) ~ P!
2 o L(t) = L0

Jo J1 o R(t) = 0

R L * w(t) = 1G°

w(to)
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Parametrizing isogenies

to t1
/\%/\%
Jo J1 J2
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Parametrizing isogenies

to ? 41
/\%/\%
Jo J1 J2
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Parametrizing isogenies

to q®2,2 tl
® R(to) = L(t1) (= 1)
L R L R
Jo J1 J2
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Parametrizing isogenies

® R(to) = L(t1) (= 1)

e Splits as:
tl— ))'@2)2(15071?1) =0
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Parametrizing isogenies

® R(to) = L(t1) (= J1)
e Splits as:

(t1 —w(to))  Pa2(to,t1) =0
o By,y(X,Y) =
X2Y +48XY +4096X — Y2
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Parametrizing isogenies

* R(to) = L(t1) (=j1)

1 e Splits as:

to P22 ¢
< r (t1 —w(to)) P22(to, t1) =0
ATTATR
X2Y +48XY +4096X —Y?
. 2 A 2
Jo J1

* e Still genus-zero!
J2
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Going deeper & overlaps

* &, 5(X,Y): genus-zero

to <D2,2 t1
/ \% / &
(o2 Py
Jo J1 J2
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Going deeper & overlaps

uQ
L]

I* R* * O, ,(X,Y): genus-zero

) L*('LL) — 774(’[},«%2)2

u—2

to . Dr9 .tl
® R*(u) = 16u? — 64
AVA
() )
Jo J1 J2
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Going deeper & overlaps

ug U1
to / Pop2 / Popo to
Jo J1 J2 Js

)

(23]
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Going deeper & overlaps

o Pa2

L/\R* L*\R* * R*(ug) = L*(u1)
to ; b2 ® Yields directly

” Dya(X,Y) =

B 4(XZ2-4)(Y —=2)+ (Y +2)?
Jo J J2 J3

)

(23]
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2-isogenies of 2°-isogenies

N L(t) R(1) Py o2(X,Y)

1 - - By(X,Y)

g (WO (67 X2y | 48XY 4 4096X — V2
4 TAEDT 62 64 (X2 - 4)(Y —2) + (Y + 2)2
8§ —t—1 4?42 4X%Y — (Y +1)2

t

16 3 (t+ ) £ 2X%Y —Y? -1
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2-isogenies of 2°-isogenies

N L(t) R(t) Py o(X,Y)

1 - - Dy(X,Y)

g (WO (67 X2y | 48XY 4 4096X — V2
4 TAEDT 62 64 (X2 - 4)(Y —2) + (Y + 2)2
8 —t—1 —A4?+42 4X%Y — (Y +1)2

16 3 (t+ ) £ 2X%Y —Y? -1

32 5 % XoY; — 4Y;

(to, t1) € E:y?=a+4a

11/19



Godzilla walk

Y =2 +dw

yz-2 = xf’ + 4x;

T

Yi

H =(0,0)




Describing ladders (X (18 - 2"))

t1

to
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Advantages

1. Non-backiracking (cyclic isogenies):
Oy (X,Y) = 0is amodel for X,(N7)
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Advantages

1. Non-backtracking (cyclic isogenies):
O (X,Y) = 0is amodel for X(N/)
2. Reduced singularities (more smooth models):
® let (to,...,t,) be anisogeny walk, ®n ¢(t;, tir1) =0 (Xo(N™))
® smooth away from j = 0, 1728 and cusps

® smooth away from cusps for (IV, ¢) pairs:
(8,2)
(16,2)
(12,2) (12,3)
(18,2) (18,3)

14/19



Radical 5-isogeny decomposition

5 Y3yt A -2 4y
yt+ 23 + 4y + 3y + 1

W. Castryck, T. Decru, F. Vercauteren. Radical isogenies (ASIACRYPT 2020) 15/19


https://doi.org/10.1007/978-3-030-64834-3_17

Radical 5-isogeny decomposition

s _ Y03yt 4yt 2%ty
vt 4 2% + 42 + 3y + 1

- (5o (5 w

114+ 5vV5 1++5
S R

&1

W. Castryck, T. Decru, F. Vercauteren. Radical isogenies (ASIACRYPT 2020) 15/19


https://doi.org/10.1007/978-3-030-64834-3_17

03 Mysterious walks



Triangle walk

\,/v /
Zi
Ti+yi+2z=0
xiyizi = 16
ZiLi41 = 16 Ti+l
%H\
Yi+1 Zi+1



Triangle walk

1. Recall R(D) = (219 for

D € Xo(2) \, /
= D34+48D?+ (768 —j)D+4096 = 0
2%
Ti+1
%H\
Zi+1

Yi+1



Triangle walk

D+16)3
1. Recall R(D) = 4150 for
D e X0(2)
= D34+48D?+ (768 —j)D+4096 = 0

2. Roots Dy, Do, D3 € X((2) with
R(D;) = j satisfy

D1+ Dy + D3y = —48,
D1DsDs = —4096

Yi+1

Ti+1

/i

Zi+1




Triangle walk

D+16)3
1. Recall R(D) = 245 for
D € Xo(2)
= D3+48D?+(768—5)D+4096 = 0

2. Roots Dy, Do, D3 € X((2) with
R(D;) = j satisfy
Dy + Dy + D3 = —48,

D1DsDs = 1096

and switch triangles by
D' = w(D;) = 4096/ D;

Yi+1

T+l

/i

Zi+1




Triangle walk

\/
i+ 1y + 2 = —48 “
TiYiZ; = —4096
Zili41 = 4096 Tirl

/i

Yi+1 Zi+1



Triangle walk

1. Extract cube roots! d = /D

Ti+1

/i

Yi+1 Zi+1




Triangle walk

1. Extract cube roots! d = /D

2. Ry (d) = €416 for
deY = X,(2) ® X5(3)
=d®—jd+16=0

Yi+1

Ti+1

/i

Zi+1




Triangle walk

1. Extract cube roots! d = /D

2. Ry (d) = €416 for
deY = X,(2) ® X5(3)
=d3—jd+16=0

3. Roots dq,ds,ds € Y with
R(d;) = j satisfy
dy +dy +d3 =0,
didads = —16

Yi+1

Ti+1

/i

Zi+1




Triangle walk
1. Extract cube roots! d = /D
2. Ry(d) = €416 for
deY =Xo(2) ® XL(3)
=d®—jd+16=0

3. Roots dy,ds,ds €Y with
R(d;) = j satisfy
di +dy+ds =0,
didads = —16

and switch triangles by

Yi+1

T+l

/i

Zi+1




Triangle walk

7/
2
i +vyi+2=0
Yz = 16
Ti+1

Zili+1 = 16 / \
./i+|

Yi+1 Zi+1




Circle-hyperbola walk
273
1. Lett € X,(8) 2
o
teXo(8)]2

J1

Jo
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Circle-hyperbola walk

1. Lett € Xo(8)

2. Rg(t) =42 4+2 € X0(4)

te X()(S)

273
J2

J1
!

Jo

Rs(t)

.
-/
*Jo

17/19



Circle-hyperbola walk

1. Lett € Xo(8)
2. Rg(t) =42 4+2 € X0(4)

3. Short tail “wiggle™:

Rg(z) = Rs(y)

2

— T :y2

<~ r ==y
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Circle-hyperbola walk

A

1. Lett € Xo(8
0(8) Ru(Rs(t)) € Xo(2)
2. Rg(t) = —4t> +2 € Xo(4)
Rg(t) € Xo(4
3. R =162 — 64 € Xo2) WL
\
d/ l “
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Circle-hyperbola walk

A 0D

. Lett e Xo(8)

Rg(t) = —4¢2 +2 € X()(4)
R4(t) = 16t% — 64 € Xo(2)

Long tail “wiggle”:

R4(Rs(7)) = Ra(Rs(y))
— 2(1-2")=y*(1-¢°)
= (@® =) (®+y° - 1)
—_—

short long

17/19



Snake dance

X € X0(8)
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Snake dance

Ty Y1

12 +y12=1
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Snake dance

T
12 +1y2=1

=TU8(U|)
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Snake dance

T

12 +1y2=1

i-D(p-1)=2
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Snake dance

I X2

X2 =

18/19



Snake dance

@y ) y2

;1722 + y22 =1

18/19



Snake dance

|
\

xr1 i)

;1722 + ,1/-_;2 =1

(o-D(p-1)=2
18/19



Snake dance

Xi
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Snake dance
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Snake dance

T

Py

P>

(x-D(y-1)=2
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Snake dance

Bz -1)(3y -

)=4
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Conclusions

Elkies method modpolys:
* Non-backtracking
e Smooth(er)

e Many compact cases
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04 Extras



2-isogenies of the Montgomery model

Ea: V*=2+ Az +2

N role Pn,2

1 j-invariant Do(7,5")

2 discriminant ~ A% — 4 C?D +48CD + 4096C — D?
4 A-coefficient 4(A2-4)(B-2)+ (B+2)%"
8  z-coef. of nonconst. F4[2] 4oy — (y+1)2**

16  z-coef. of nonconst. E4[4] \ Ea[2] o



2-isogenies of the Montgomery model

Ea: V*=2+ Az +2

N role Dy

1 j-invariant Do(7,5")

2 discriminant ~ A% — 4 C?D +48CD + 4096C — D?
4 A-coefficient 4(A2-4)(B-2)+ (B+2)%"
8  z-coef. of nonconst. F4[2] 4oy — (y+1)2**

16  a-coef. of nonconst. Ea[4] \ Fa[2] 222y —y? — 1%

* J. Meers, J. Nowakowski. Solving the Hidden Number Problem for CSIDH and
CSURF via Automated Coppersmith (ASIACRYPT 2023) 1/5


https://link.springer.com/chapter/10.1007/978-981-99-8730-6_2
https://link.springer.com/chapter/10.1007/978-981-99-8730-6_2

2-isogenies of the Montgomery model

Ea: V*=2+ Az +2

N role Dy

1 j-invariant Do(7,5")

2 discriminant ~ A% — 4 C?D +48CD + 4096C — D?
4 A-coefficient 4(A2-4)(B-2)+ (B+2)%"
8  z-coef. of nonconst. F4[2] dz?y — (y+1)2*

16  a-coef. of nonconst. Ea[4] \ Fa[2] 222y —y? — 1%

** Wikipedia. Modular lambda function
J. M. Borwein, P. B. Borwein. Pi and the AGM: a study in the analytic number
theory and computational complexity (1987)


https://en.wikipedia.org/wiki/Modular_lambda_function#Modular_equations
https://dl.acm.org/doi/10.5555/40700
https://dl.acm.org/doi/10.5555/40700

2-isogenies of the Montgomery model

Ea: V*=2+ Az +2

N role Dy

1 j-invariant Do(7,5")

2 discriminant ~ A% — 4 C?D +48CD + 4096C — D?
4 A-coefficient 4(A2-4)(B-2)+ (B+2)%"
8  z-coef. of nonconst. F4[2] 4oy — (y+1)2**

16  a-coef. of nonconst. Ea[4] \ Fa[2] 222y —y? — 1%

*** J.J. Ledn, V. Mufioz. On some non-linear recurrences over finite fields linked to
isogeny graphs (ePrint 2025/608)


https://ia.cr/2025/608
https://ia.cr/2025/608

(-isogenies of N-isogenies

N ¢ Pne(z,y)
2 xy + 48zy — y* + 4096
2 42 —4)(y—2)+ (y+2)°
8 2 4’y — (y +1)2
16 2 2%y —y? —1
Y 2 2%y —y? + 16z

2/5



(-isogenies of N-isogenies

N O e(z,y)

z2y + 48zy — y* + 4096z
Aa? —4)(y —2) + (y +2)?
4oty — (y + 1)

2%y —y? —1

2%y —y® + 16z

o]
N NN NN S

w

z3y? — 272y + 18zy* — i + 729z
9 3 B +3y+9) — (y+6)°
18 3 2B —y+ 1)+ (4207 + 4y)

2/5



(-isogenies of N-isogenies

N ¢ Dy ez, y)
2 2 22y + 48zy — y° + 40962
4 2 42 —4)(y—2)+ (y+2)°
8 2 4’y — (y +1)2
16 2 2%y —y? —1
Yy 2 2%y —y? + 16z
Z 3 2Py — 272y + 18xy® — y® + 729z
9 3 2} (y* + 3y +9) — (y+6)?
18 3 2P -y+1)+ 1 +2y° +4y)
6 2 22y — 22 — 8zy — y® + 9y
10 2 22y — 2wy —y? — 4z
12 2 2*(y—1)—yly+3)
18 2 2%y —y* — 2
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(-isogenies of N-isogenies

N ¢ Dy ez, y)
2 2 22y + 48zy — y° + 40962
4 2 42 —4)(y—2)+ (y+2)°
8 2 4’y — (y +1)2
16 2 2%y —y? —1
Yy 2 2%y —y? + 16z
Z 3 2Py — 272y + 18xy® — y® + 729z
9 3 2} (y* + 3y +9) — (y+6)?
18 3 2P -y+1)+ 1 +2y° +4y)
6 2 22y — 22 — 8zy — y® + 9y
10 2 22y — 2wy —y? — 4z
12 2 2*(y—1)—yly+3)
18 2 2%y —y* — 2

2/5



Radical form

® Let R(t) =t
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Radical form

o Let R(t) =t
* Then R(z) = L(y) becomes

' = w* o Row(y) = w* (w(y)")



Radical form

e Let R(t) =t
e Then R(z) = L(y) becomes

' =w* o Row(y) = w*(w(y))
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Radical form

e LetR(t) =t
e Then R(z) = L(y) becomes

2t =w* o Row(y) = w*(w(y)")
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Radical form

e Let R(t) =t
e Then R(z) = L(y) becomes

zt = w* o Row(y) = w*(w(y)")
e = Yw(wy))
S y=w <{/m>

See also: V. Pribani¢. Radical isogenies and modular curves

3/5


https://www.aimsciences.org/article/doi/10.3934/amc.2023019

Radical expressions

Xo(N) ¢ # w(u)*
2 _ —4(t? -8
Xo(4) 2 e S
-1
XO(S) 2 (u4u) t21—1
2_
Xo(12) 2 u 71
2 2
Xo(16) 2 —"2314 L
(u—1) 1
Xo(16) 4 m -1
39602 _Fdey— —27(t3—54
Xo(9) 3 ﬁﬂgﬁ% = t3(727 )
Xous) 8 el
(ut—3u3+4u? —2u+1) —ct®+1
X(5) 3 uu7f1+2u3+4u2+3u+1 tc5+c

4/5



Genus-zero cases of X,(V)

2 2x3 52/32
3 22x3 2% 32

5/5
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